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Abstract. Complete controllability is a fundamental issue in the field of control of 
quantum systems, not least because of its implications for dynamical realizability of 
the kinematical bounds on the optimization of observables. In this paper we investigate 
the question of complete controllability for finite-level quantum systems subject to a 
single control field, for which the interaction is of dipole form. Sufficient criteria for 
complete controllability of a wide range of finite-level quantum systems are established 
and the question of limits of complete controllability is addressed. Finally, the results 
are applied to give a classification of complete controllability for four-level systems. 
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1. Introduction 

Recent advances in laser technology have opened up new possibilities for laser control 
of quantum phenomena such as control of molecular quantum states, chemical reaction 
dynamics or quantum computers. The limited success of initially advocated control 
schemes based largely on physical intuition in both theory and experiment has prompted 
researchers in recent years to study these systems using control theory Q. 

In ||] it was shown that the kinematical constraint of unitary evolution for 
non-dissipative quantum systems gives rise to universal, kinematical bounds on the 
optimization of observables. It has also been demonstrated that the theoretically 
and practically important question of the dynamical realizability of these universal 
bounds depends on the complete controllability of the system 0. Although the issue 
of complete controllability of quantum systems has been investigated before j|, [7j many 
open questions remain. 

In this paper we study the question of complete controllability of finite-level 
quantum systems driven by a single control, for which the interaction with the control 
field is determined by the dipole approximation. For this kind of system the total 
Hamiltonian is of the form 

H = H + f(t)H 1 , (1) 

where Hq is the internal system Hamiltonian and Hi is the interaction Hamiltonian. For 
a finite-level quantum system there always exists a complete orthonormal set of energy 
eigenstates \n) such that H \n) = E n \n) and thus we have 

N N 

H = Y1 E n \n)(n\ = Y E n e nn (2) 

n=l n=l 

where e mn = \m)(n\ is an N x N matrix with elements (e mn )ki = o~ m kO~ni and E n are the 
energy levels of the system. The E n are real and hence Hq is Hermitian. The system 
is non-degenerate provided that E n = E m if and only if m = n. The energy levels can 
be ordered in a non-increasing sequence, i.e., E% < Ei < . . . < E^. Hence, the energy 
level spacing 

/i n = E n+1 - E n > 0, n = l,...,N-l. (3) 

If fj, n = fj, for 1 < n < N — 1 then we say the energy levels are equally spaced. 

Expanding the interaction Hamiltonian Hi with respect to this complete set of 
orthonormal energy eigenstates |n) leads to 

TV 

Hi= d mtn \m)(n\, 

m,n=l 

where d mjTl are the transition dipole moments, which satisfy d m n = d* n m , where d* n m is 
the complex conjugate of d n ^ m . Thus, Hi is Hermitian. In the dipole approximation it 
is generally assumed that only the terms d n _i n and <i ni „_i corresponding to transitions 
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between adjacent energy levels are relevant, i.e., d m ^ n = unless m = n ± 1. Thus, 
letting d n = d n ^ n+ i for 1 < n < N — 1 we have 

N-l N-l 

H i= d n(\n)(n + l\ + \n + l)(n|) = ^ d n{e n ,n+i + e„+i,„) (4) 

n=l n=l 

If the any of the d n for 1 < n < N — 1 vanish then the system is decomposable, i.e., its 
dynamics can be decomposed into independent subspace dynamics, and therefore not 
completely controllable |J. Hence, we shall assume that 

d n ^ 0, 1 < n < N - 1, d = d N = 0. (5) 

Note that we have introduced the non-physical do = dN = for convenience. 



2. Sufficient conditions for complete controllability 

Definition 1 A quantum system H = Ho + f{t)H\ is completely controllable if every 
unitary operator is dynamically accessible from the identity I in U(N) via a path 
7(t) = U(t,to) that satisfies the equation of motion 

ift^U(t, to) = (Ho + f{t)H x )U{t, to) (6) 
with initial condition U(to,to) = I. 

In [f|, H it was shown that a necessary and sufficient condition for complete controllability 
of the system H = H +f(t)Hi is that the Lie algebra £ generated by the skew- Hermit ian 
matrices iH and iifi is u(N), i.e., the Lie algebra of skew-hermitian N x N matrices. 
Note that we have u(N) = su(N) © u(l) where su(N) is the Lie algebra of traceless 
skew-Hermitian matrices. A standard basis for su(N) is 

y„n' = i(e„ n ' + e n ' n ), (7) 

fan — "^ifinn ^n+l,ra+l); 

where 1 < n < N — 1, n < n' < N and i = y/—l. However, to show that £ contains 
su(N), it is sufficient to prove that x n) „ + i, y n<n +i G£forl<n<iV — 1 since all other 
basis elements can be generated recursively from x n ^ n+ i and y ntn +i for A; > 1: 

■Kn,n+k |/£n,n+fc— 1 j %n+k— l,n+fc] j 
ljn,n+k \ljn,n+k— 1 1 -^n+k— l,n+fc] i 
hn ["Cn^+l > l/n,n+l] • 

If Tr(ifo) = then the Lie algebra £ can be at most su(N) since Hi is traceless by 
definition. Note that it can be shown that £ = su(N) is sufficient for controllability for 
many practical purposes J7J. On the other hand, if su(N) C £ and Tr(H ) ^ then il 
can be obtained from the diagonal element iH G £ since we can write 



iHo 



N- l Tr{Ho)] U + H' Q , (8) 
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where the traceless matrix H' Q must be a real linear combination of h n and hence in the 
Lie algebra £. Thus, if su(N) C £ and Tr(H ) ^ then £ = u(N). 

For a system H = Hq + f(t)H\ with interaction Hamiltonian H\ of the form 
it turns out that it actually suffices to show that x PtP+ i,y PiP+ i G £ for some p and 
dp_fc 7^ ±dp + /c for some k in order to conclude that £ contains su(N). 

Lemma 1 If x 12, yn G £ then x njn+x , y n , n +i G £ /or 1 < n < TV — 1. Similarly, if 
xn-i,n,Vn-i,n G ^ £/ien 2 n ,„+i, y n ,n+i G £ /or 1 < n < iV — 1. 

Proof: Given £12,2/12 G £, let 1/ = Lf/i and 

hi = 2 _1 [xi2,yi 2 ] = i(en - e 22 ) 

N-l 

yiX) = v - d x yii = ^ d n y n>n+ i. 

n=2 

Since d n 7^ for l<n</V-lwe find that 

d 2 1 [h 1 , V {1) ] = x 23 G £, [x 23 , h] = y 23 G £. 

By repeating this procedure N — 2 times, we can show that £ n ,n+ij y n ,n+i £ £ f° r 
1 < n < iV — 1. Similarly, we can prove that given xn-i,n,Vn-i,n G £ then all 

Zn,n+1, 2/n.n+l G £ for 1 < 7i < /V - 1. 

Lemma 2 // i/iere exists p with 2 < p < N — 2 suc/i i/ioi x p , p +i, y p , p +i G £ and swc/i 
i/iai d p _ fc 7^ ±d p+k then x n>n+1 , y n .n+i G £ /or 1 < n < N - 1. 

Proof. Given x P)P +i, y p , p +i G £ with 2 < p < N — 2 then 

= 2 [x Pj p_|_i, y PiP +i] i(c pp %>+i, P +i) G £. 
Next let V = iH x and evaluate 

^p (1) =V - d p y p , p+1 = d n y n>n+ i, 

Xp ■* = d p _i[h p , ■*] = x p -i^ p + rjp x p -fi )P 4-2, 
y p (1) = [X$\ hp] = y p _ hp + r]^y p+hp+2 , 

= 2-'[XW,Y p W] = hp.! + ( V U)% + i, 
xv>' = 2- 1 [y«, «] = x p _ liP + «)) 3 x p+liP+2 , 
yW = 2- 1 [H^,X^] = y p _ 1)P + «)) 3 y p+1)P+2 , 

where 77W = d p+ i/d p -i. Note that is defined and non-zero since by hypothesis 
d n ^ for 1 < n < N - 1. This leads to 

H iy )X {1) - YP' = H ] f - e £. 

At this point we have to distinguish two cases. 
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Case 1. If 77W 7^ ±1, i.e., c? p _ 1 7^ ±<i p +i then it is easy to see that x p _i )P , y p -i, p G £ 
and hence = 2 _1 [x p _i iP , J/ p _i jP ] G £ as well. Now we can proceed to show that 

^ P -2, P -i, y P -2, P -i g 

xf = <£i 2 [Vi> ^ P (2) ] = ^-2 >P -i e A 
=[xW,h p - 1 ]=y p - 2a ,- 1 e£. 

Repeating the last step p — 2 times shows that X^ p_1 ) = x 12 G £ and V^ -1 ) = y\ 2 G £ 
and hence x n ,n+i, y n ,n+i G £ for 1 < n < N — 1 by lemma [[]. 

Case 2. If 77W = ±1, i.e., c? p _i = ±rf p+1 , then we only have XjP = x p -i iP ±x p+ i )P+2 G £ 
and = y p _ liP ±y p+ i p+ 2 G £. However, we can now use a similar procedure as above 
to obtain 



p 


- ^ P {1) - dp-^ 1 


^ ] dn,yn,n+l) 






nj^p,p±l 


H m 


= 2-^y,Y p v)- 


= h p -l + /lp+1, 


x® 
p 




= £ p -2, P -l + ^p 2 ^p+2,p+3) 


y(2) 
p 


= [X?\HW]=y p _ 


-2,p-l + ^ 2) ?/p+2,p+3, 


H m' 

p 




V2 + H 2) ) 2 h P +2, 


p 




1 Xp-2,p-l + (Vp T X P+2,p+3, 


y(2)' 
p 


ee 2- 1 [i?fUf] = 


= y P -2, P -i + (v p \ 2) ) 3 yp+2,p+3 



where r/^ = d p+2 /d p _2- This leads to 

tfW - *f ' = - i ]Xp _ 2 ^ e c, 

(#)% (2) -^ (2) ' =[(#) 2 -lK-2, P - 1 G£. 
Again, we have to consider two different cases. 

Case 2a: If r)^ 7^ ±1, i.e., <i p _2 7^ ±g? p +2, then x p _2, p -i, y P ~ 2 , P -i G £ as well as 
h p _ 2 = 2 _1 [x p _2,p-i, 2/ P -2, P -i] G £ and we can proceed as in case 1 to show that 

%p-3,p-2,yp-3,p-2 G £: 

V® EE V« - d p -22/ P -2 )P -l, 
Xf EE ^ 3 [V2, V p (3) ] = X p _ 3 , p -2 G £, 
EE [X^ , h p — 2] — y P —3,p—2 G £. 

Repeating the last step p — 3 times shows that X^' 1 ^ = x\2 G £ and K^ p_1 ^ = yvi G £ 
and hence x n ,n+l> y n , n +i G £ for 1 < n < X — 1 by lemma [I]. 

Case 2b: If rffl = ±1, i.e., <i p _ 2 = ±d P +2, then we have only X^ = x p -2, p -i±x p+ 2, p +3 G 
£ and Y p ^ = y p _ 2:P -i ± j/ p+ 2, P +3 G £ but we can proceed as in case 2 to obtain 

X^' = X p _3, p -2 + (^ 3) ) 3 X p+3lP+ 4 G £, 
^ P (3)/ = %>-3 )P -2 + (77 p 3) ) 3 y p+ 3, P+ 4 G £, 
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where r/^ = d p+3 /d p _ 3 . Again, we must distinguish the cases rj^ ^ ±1 and rj^ = ±1 
and so forth. 

Using this procedure, we can always show that x p -k tP -k+i,y P -k, P -k+i G C since by 
hypothesis d p _k 7^ We can then proceed as in case 1 to show that x^Vvi £ A 

from which it follows that all x n ,n+i, y n +i,n G £ by lemma 1. QED. 

3. Completely controllable quantum systems 

3.1. Anharmonic Systems 

The results of the previous section can be applied to establish complete controllability 
for many quantum systems. 

Theorem 1 The dynamical Lie algebra for a quantum system H = H Q + f(t)Hi with 
H and Hi as in and ([Jj is at least su(N) if either 

(i) fii 7^ and fi n 7^ /ii for 2 < n < N — 1, or 
(ii) fiN-i 7^ and /i n 7^ Hn-i for 1 < n < N — 2. 

// in addition Ty(H ) 7^ then the dynamical Lie algebra is u(N), i.e., the system is 
completely controllable. 

Proof: Suppose fii 7^ and /x n 7^ fi\ for 2 < n < N — 1. Let V = iHi and evaluate 

N-l 

V = [iH , V}= ^nd n X n ,n+l 

n=l 

N-l 

V" =[V',iH ]= J2tid n y n , n+1 



n=l 



N-2 



= V" - Vn~1 V = E (/4 ~ A-l) d nyn,n+l 



n=l 



{{iH ,V(%iH 



2 

^N-2 



N-3 



n )(A* rt 



n=l 



[[i^o,^- 1 ^^]-^^^ 



N-l-k 

E 

n=l 



iV-1 
k=n+l 



Vn,n+1 



= dx 



N-l 



n ^ - /4) 



fc=2 



2/12 e £• 



Since by hypothesis g?i 7^ 0, /ii 7^ and /i n 7^ /ii for 2 < n < iV — 1 we have y\2 G C and 
hence /z^ -1 [ii^o? 2/12] = ^12 £ £• Hence, su(N) C £ by lemma 1 and if Tr(i/ ) 7^ then 
£ = u(N). The proof for the case /z n 7^ /iat-i for 1 < n < N — 2 is analogous. QED 
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This theorem, first proved in J/J, is very important in that it guarantees the complete 
controllability of physically important systems such as simple atomic systems or Morse 
oscillators, which are often used to model molecular bonds. 

Example 1 The energy level spacing for a Morse oscillator is of the form fi n oc 1 — Bn 
where B is a small positive real number and we can assume Tr(Ho) 7^ 0. Therefore, 
7^ A*i for n > 1 and thus any N -level Morse oscillator system is completely 
controllable. 

Theorem [l] also applies to degenerate or more complicated systems. 

Example 2 Consider a system with energy levels E\ and E n = E 2 7^ E% for 2 < 
n < N with arbitrary non-zero transition dipole moments d n . In this case we have 
fii = E 2 — Ei 7^ but // n = for 2 < n < iV — 1. Thus, surprisingly, this highly 
degenerate system is completely controllable by theorem [Z| provided that Tr(ifo) 7^ 0. 

Example 3 The energy levels of the bound states of a one-electron atom of atomic 
number Z are E n = (— 13.9 eV)Z 2 /n 2 . Therefore, Tt(Hq) 7^ and the energy level 
spacing is 



yU„ oc n 2 - (n + V 



(2n + 1) 



n 2 {n + l) 2 

Note that the multiplicity of energy level E n is 2n 2 including angular momentum and spin 
degeneracy, i.e., the energy levels are degenerate. Nevertheless, we can apply theorem^ 
to conclude that any non-decoupled N -level subsystem of this model consisting of at least 
two different energy levels is completely controllable if the interaction with the control 
field is of dipole form (TJj. 

Example 4 The energy levels E n for a particle in a ID box are Cn 2 , where C is a 
positive constant. Hence, Tr(H ) 7^ and fi n 7^ /ii for n > 1, i.e., any non-decoupled 
N -level subsystem of this model is completely controllable according to theorem [I] if the 
interaction with the control field is of dipole form (0/ 

Example 5 Consider a N = 2£ + 1 level system with Tt(Hq) 7^ and energy level 
spacings fi2k — ^2 f or 1 < k < £ but fii 7^ /i ra for n > 1. This system is also 
completely controllable (independent of the d n ) according to theorem [J. Similarly, if 
we had [i2k-\ = yUi for 1 < k < i but fi2e 7^ yUn for n < 2£ then the system would be 
completely controllable according to theorem^ as well. 

The last example is interesting for the following reason. Suppose we considered 
instead a composite system of £ coupled identical two-level systems with simple 
interactions, i.e., an iV = 2£ level system with energy level spacings /i2fc+i = for 
1 < k < £ but, e.g., fi 2 7^ for n 7^ 2. In this case we have /ii = \i2i-\-, i.e., theorem |T] 
does not apply although considering the last example one would expect this system to 
be controllable as well. This suggests that theorem [l] can be generalized. 
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Theorem 2 The dynamical Lie algebra £ of a quantum system H = H + f(t)H\ with 
H and Hi as in (^j and ([Jj is at least su(N) if there exists fi p 7^ such that /i n 7^ fi p 
for n 7^ p, and k such that d p ^k 7^ ±d p+ k- If in addition Tt(Hq) 7^ then £ = u(N), 
i.e., the system is completely controllable. 

Proof: Let V = iH\ and define 

V« =[[iH ,V],iHo}-fx 2 a{1) V 

=[[iH ,V(%iH ]-f,l {2) vV 

= [[iH M N -%iH ]-^ {N . 3) V^ 
where a is a permutation of the set {1, 2, . . . , N — 1} such that a(N — 1) = p. Then 

V (N ~V = d r 



-p 



-N-2 
,n=\ 

and since by hypothesis d p 7^ 0, /i p 7^ and fi n 7^ /i p for n 7^ p we have y PiP +i G £ and 
hence /i" 1 ^^, ?/ P , P +i] = ^ P ,p+i £ £• By hypothesis we have furthermore d p+ k 7^ ±d p _ k 
for some /c. Hence, su(N) C £ by lemma 2 and if Tr(ffo) 7^ then £ = u(N), i.e., the 
system is completely controllable. QED 

Note that ofo = djv = and d n 7^ for 1 < n < N — 1 implies that the condition 
d p+ k 7^ ±c?p_fc is always satisfied for k = min{p, N — p} unless p = N — p since if 
k = p < N — p then d p _k = d = and d p+ k 7^ 0, and ii k = N — p < p then 
d p+ k = dx = and 7^ 0. Furthermore, p = N — p is only possible if p = N/2 and 
hence N even. Thus, assuming Tt(H ) 7^ 0, we have the following 

Corollary 1 If N is odd and there exists fi p 7^ s«c/i t/iat /i n 7^ /x p /or n/p, t/ien i/ie 
system is completely controllable. 

Corollary 2 If N is even and there exists \i p 7^ u;ii/i p 7^ iV/2 snc/i that /i n 7^ /i p /or 
n ^ p, then the system is completely controllable. 

Applying corollary ^| to the N = 2£ level composite system with energy level 
spacings [i2k+i = Hi for 1 < k < t but Hi ^ |i n for n ^ 2 considered above, we 
see that the system is always controllable for N 7^ 4. If N = 4 then it is controllable if 
di 7^ ±rf 3 . There are many other applications for the theorems and corollaries above. 

Example 6 The system of two coupled l-level harmonic oscillators with 

[ Ex + (n-l)u for Kn<£ 

^„ = < ~ ~ (9) 

[E 1 + (n-l)fi + A for£+l<n<2£ 

is completely controllable if de_k 7^ ±d# + k for some k since Hn = H for n 7^ i and 
He = n + A. For instance, if 

y/n for 1 < n < i — 1 

d n = <( d 7^ for n = I (10) 



Vn-i for £ + 1 < n < 2i - 1 
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then the system is completely controllable by theorem [| since, e.g., de-i = \/t — 1 7^ 
VT = d,£ + i . However, if 

{1 for 1 < n < £ - 1 

d + for n = £ (11) 
1 for t + 1 < n < 2t - 1 

i/ien the system does not satisfy the criteria for complete controllability established 
in the previous theorems and one can verify that the system is indeed not completely 
controllable. 



3.2. Harmonic oscillators 

Theorem |2] and its corollaries establish complete controllability for many anharmonic, 
non-decomposable quantum systems. However, the conditions on the \i n exclude systems 
with equally spaced energy levels, i.e., // n = \i for 1 < n < N — 1, such as harmonic 
oscillators. For these systems we can not apply the techniques used in the previous 
section to establish complete controllability since in this case [[iH , V], iH ] = \iV . To 
resolve this problem, we introduce a new set of parameters depending on the values of 
the transition dipole moments d n 

v n = 2d 2 n -d 2 n _ 1 -d 2 n+1 , l<n<N-l, (12) 

which determine whether the system is completely controllable or not. 

Theorem 3 The dynamical Lie algebra £ for a system H = H + f(t)Hi with equally 
spaced energy levels, i.e., fi n = // 7^ for 1 < n < N — 1 is at least su(N) if there exists 
v p 7^ such that v n 7^ v p for n 7^ p and p 7^ N/2; if p = N/2 then d p -k 7^ ±^ P +fc for 
some k is required as well. If in addition Ty(H q ) 7^ then £ = u(N). 

Proof: For convenience we define Y^ 1 ' = %H\. Then we have 

AT-l 

X« = fi-^iHo^W) = dnX n , n+ l, 

n=l 
N 

Z ^2- 1 [X^\Y^]=ij:(d 2 n -dl_ 1 )e nn . 

n=l 

From X^, Y W and Z^ l \ we have 

N-l 

Y^ = [Z, X«] - v a[1) Y^ = J] K - v a(1) )d n y n>n+1 

n=2 
N—l 

X i2) _ [y( l) ) z] _ Ml)X W =J2{v n - V a(1) )d n X n<n+1 

n=2 
N-l 

Y^ = [Z,X^] - v a(2) Y^ = X>n - v a(1) ){v n - v a(2) )d n y n>n+1 

n=3 
N—l 

X (3) _ [y( 2) ) z] _ v<2)X m = ««r(l))K ~ V a(2) )d n X n< 



71+1 

n=3 
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VN—2 



y(N-l) 



[Z,X^\ 



— V a (N-2) 



dp J[ (v p - v a (n)) y P , p +i e C, 



Ln=l 



rJV-2 



X (N-l) 



[Y^ N ~ 2 \Z] 



— V a (N-2) 



X (N-2) 



dp I| (v p - v a{:n )) x P ,p+i e £■ 



Ln=l 



where a is a permutation of the set {1,2, . . . , N — 1} such that a(N — 1) = p. 
By hypothesis we have v p ^ and v n ^ v p for n ^ p. Hence, we can conclude 
x p ,p+i, y P , P +i £ £• If P 7^ N/2 then the condition (ip^ ^ ±d p+ k is automatically satisfied 
for k = min{p, iV — p}; otherwise it is guaranteed by the hypothesis of the theorem. 
Therefore, C contains su(N) by lemma |2] and if Ty(H q ) ^ then £ = u(N). QED 

Example 7 The truncated N -level harmonic oscillator with E n oc n + | and d n = ^fn 
is completely controllable since v n = for 1 < n < N — 2 but v^-i = N ^ 0. 

Example 8 ^4 system with N equally spaced energy levels, Tr(Ho) ^ 0, and d n = 1 
for 1 < n < N — 2 and <ijv-i 7^ il completely controllable since v± = 1, v n = for 
2 < n < N — 3, = 1 — ^jv-i an d vn~i = 2d%_ 1 — 1 ^ 0, i.e., vi v n for n > 1. 

4. Limits of complete controllability 

The theorems and corollaries in section FJ suggest that many non-decomposable quantum 
systems are completely controllable and one might actually begin to wonder if there 
are any non-decomposable (i.e., non-decoupled) systems that are not completely 
controllable. Unfortunately, the answer is yes, and worse yet, these systems may look 
very similar to completely controllable systems. Recall example i.e., a system with 
energy levels (Q), which satisfies the conditions for complete controllability of theorem 
|2] if the transition dipole moments are chosen as in ( |T0"D but does not satisfy the criteria 
for complete controllability if the d n are chosen as in (|TT1) . We shall see that for the 
latter choice of the transition dipole moments d n the system is indeed not completely 
controllable. 

Theorem 4 The dynamical Lie algebra for a system with N equally spaced energy levels 
/i n = fi for 1 < n < N — 1 and v n = v for 1 < n < N — 1 has dimension four, i.e., the 
system is not completely controllable for N > 2. 

Proof: Let Y = iH h 



N-l 



X = ji 1 [iH ,Y] = d n x n<n+1 , 



n=l 

N 



Z =2- 1 [X,Y] = iY / (d 2 n -d 2 n _ 1 )e, 
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Hence, iH , X, Y, Z span the Lie algebra C. Thus C is isomorphic to the 4- dimensional 
Lie algebra u(2), i.e., the system is not completely controllable for N > 2. QED 

Example 9 If N = 3 and \L\ = \i 2 as well as d\ = d 2 then the system is not completely 
controllable since v\ = 2d\ — d\ = 2d\ — d\ = v 2 , i.e., the Lie algebra has dimension four 
according to the previous theorem. 

Theorem [| has another important implication. One can prove by induction that 
for N > 4 the condition v n = v for 1 < n < N — 1 can only be satisfied if 

>2 ,2 n ( n ~ x ) j 2 2 

d n = nd l v, and v = — _ ^ d v 

Note that v — > and thus d n — > nd\ for — > oo. Hence, the infinite dimensional 
harmonic oscillator with d n = y/n for 1 < n < oo is not completely controllable. 

Theorem 5 A system with N equally spaced energy levels and d n = 1 for 1 < n < N — 1 
is noi completely controllable for N > 2. 

Proof: Note that theorem || does not apply since V\ = v N _i = 1 and v 2 — ■ ■ ■ — v N _ 2 = 
0. Setting 

Z\ = i(e n - e nn ), 

JV-l 

Xi = iT l {iHQ,iHi] = X n,n+1 

n=l 

leads to [Zi,Xi] = y\ 2 + Vn-i,n G ^- Thus, we have the following reduced problem 

N-2 
n=2 

and we can use induction to prove the theorem. One can easily verify that the system 



itfo, = i^i - [Zi,X 1 ] = £ y„, r> 



is not completely controllable if N = 3 (see example |) or iV = 4 (see section |5.1| ). 
Suppose the theorem is true for N > 2. We want to prove it is also true for N + 2. 
To this end, assume that the theorem is not true, i.e., that the N + 2 level system is 
completely controllable. Then we can use the above produre to reduce the system to an 
iV-level system. Clearly, this reduced N level system must be completely controllable, 
which contradicts the assumption. This means that the assumption is false. QED 



5. Classification of complete controllability for four-level systems 

In this section we apply the results of sections ^| and |] to give a classification of the 
complete controllability problem for four-level quantum systems whose interaction with 
the control field is determined by (|). 

According to theorem and its corollaries, a non-decomposable four-level quantum 
system is completely controllable if Tt(Hq) ^ and one of the following conditions 
apply: 

(i) /ii ^ fi 3 ^ ii 3 ; 
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(ii) fix ^ Hi = fi 3 ] 

(iii) fix = fi2 # ^3; 

(iv) //! = fi 3 ^ fi 2 , Hi ^ and ^ 7^ ±d 3 , 

Furthermore, if fi\ = ^2 = A*3 7^ then the system is completely controllable according 
to theorem [3] if either 

(i) Vx ^ v 2 ,vi ^ v 3 ; 

(ii) v 3 ^ vx,v 3 ^ v 2 . 

Decomposable systems (and traceless systems) are not completely controllable. Hence, 
the only cases that remain to be considered are the following. 

5.1. Case fix — ^3 7^ ^2, H2 ^ 0, di = ±d 3 

In this case the system is not completely controllable and we actually have an 11- 
dimensional Lie algebra isomorphic to sp(2) © u(l). To see this, note that sp(2) is 
spanned by H 

hx = i(en - e 33 ) h 2 = i(e 22 - e 44 ) 

X 2ull = 3531 yawi = 2/31 

X 2 c; 2 =X42 2/2 W2 =2/42 (13) 

^Wi+Wa = ^32 + 3:41 Vu)i+ui 2 = 2/32 + 2/41 

2^1-^2 = x 21 ~ ^34 Vui-uji = 2/21 — 2/34 

and if di = ±d 3 then the change of basis 

{|1),|2),|3),|4)}^{|2),|1),|3), T |4>} 

leads to 

H = J Tr(# )J - ( Ml + /x 2 /2)/ia + /i 2 /i 2 

#1 = rflZ/wi-W2 + ^22/2^1 

and one can easily check that -/Tq = /ii/ti + fi.2^2 and i?i generate all of sp(2). Hence, 
C ~ sp(2)©«(l). 

5.2. Case fti — Us ^2, H2 = 

Xi = //^[Lffo, Lffl] = ^1^12 + 4^34, 

Yi = ^ 1 [ifl , X x ] = dxVn + d 3 y u , 

Zx = 2- 2 [Xx, Yx] = i[d 2 x{exi - e 22 ) + d 2 3 {e 33 - e 44 )]. 

Then we have 

Y 2 =di 1 (iZx-Yx)=y 23 eC, 

X 2 = (d 2 x + d 2 2 )- 1 [Zx,Y 2 ] = x 23 ejC. 

According to lemma 2, the system is completely controllable if dx 7^ ±d 3 . For dx = ±d 3 , 
the Lie algebra generated is the 11-dimensional Lie algebra given in the previous section, 
i.e., the system is not completely controllable. 
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U V OtClll 






(Inmnlptp pontroll^hilitv 


AO 






Yps 


/ii 7^ = Ai3 




Yps 

-L V>0 


A*i = A*2 7^ A^3 




Yps 

J. C-O 


AH = A*3 7^ A*2 


u l 7^ u 3 


Yps 

J. C-O 


(X^ — 3 


No 


HO 

1 1 V 7 


Ail = /i3 = /i3 7^ 


"1 f "2 f U 3 


Yps 

J. Co 


f 1 7^ ^2 = ^3 


Yes 


f 1 = ^2 7^ ^3 


Yes 


vi = v 3 ^ v 2 , dt = ±d 3 


No 


Vl =v 2 = V3 


No 


/"I = ^3 = ^3 = 




No 



Table 1. Complete controllability for four level system 



5.3. Case fi ± = fi 2 = f^3, Vi = v 3 , v 2 ^ 



From the definition of v n we obtain that the condition v 2 ^ v± = v 3 is equivalent to 
d 2 7^ d\ — d 3 , which implies di = ±d 3 . One can easily verify that £ is the 11-dimensional 
algebra given in section |0. Hence, the system is not completely controllable. 



5.4- Case ^1 = ^2 = A*3, v 1 = v 2 = v 3 

In this case one can easily verify that iHq and iH\ generate a Lie algebra of dimension 
four isomorphic to u(2). Hence, the system is not completely controllable. Note that 
v\ = v 2 = v 3 is equivalent to d 3 = d\ = |cf§. (See also theorem |) 



5.5. Case /ii = /j, 2 = /j 3 = 

This is a completely degenerate system (E x = E 2 = E 3 = E^) and £ is a two- 
dimensional Lie algebra with basis iHq = ii and iH\. Clearly, the system is not 
completely controllable. 



6. Conclusion 



In this paper we studied the problem of complete controllability of finite-level non- 
decomposable quantum systems whose interaction with a semi-classical field is governed 
by the dipole approximation. We reduced the problem of complete controllability of 
these systems to the question whether a pair of skew- Hermit ian matrices x nn+ i and 
y nn +i can be generated by iH and iH\. Using these criteria, we showed that many 
non-decomposable finite-level quantum systems are completely controllable, including 
many atomic systems as well as Morse and harmonic oscillator systems. We also 
showed however that complete controllability is by no means a universal property of the 
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types of systems under consideration and that in fact many systems lacking complete 
controllability may appear superficially very similar to completely controllable ones. 
Finally, we applied our results to give a classification of four-level systems in terms of 
complete controllability. 
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